Abstract. We prove an explicit formula for the invariant µ(g) for finite-dimensional semisimple, and reductive Lie algebras g over C. Here µ(g) is the minimal dimension of a faithful linear representation of g. The result can be used to study Dynkin's classification of maximal reductive subalgebras of semisimple Lie algebras.
Introduction
In [1] the following invariant for finite-dimensional Lie algebras has been introduced: Definition 1.1. Let g be an n-dimensional Lie algebra over a field k. Let µ(g) denote the minimal dimension of a faithful linear representation of g.
We consider k as given by g, so that we need not refer to k in the notation µ(g). By Ado's theorem, µ(g) is finite. In general it is not known how to determine this invariant. In particular, it seems to be very hard in general to determine µ(g) for a given solvable Lie algebra g. The invariant µ(g) plays an important role in the theory of affinely flat manifolds and affine crystallographic groups, see [2] . In particular, the following two results are known: Proposition 1.2. Let G be an n-dimensional Lie group with Lie algebra g. If G admits a left-invaraint affine structure then µ(g) ≤ n + 1. Proposition 1.3. Let Γ be a torsionfree finitely generated nilpotent group of rank n and G Γ its real Malcev-completion with Lie algebra g Γ . If Γ is the fundamental group of a compact complete affine manifold then µ(g Γ ) ≤ n + 1.
It is well known that a semisimple Lie group G does not admit any left-invariant affine structures. If G is reductive then the existence problem of left-invariant affine structures is already quite interesting, see [2] and the references cited there. The existence problem is considered to be hard for solvable and nilpotent Lie groups. If g has trivial center Z(g), the adjoint representation is faithful and we have µ(g) ≤ n. If g is nilpotent, the adjoint representation is not faithful, and such a result is not even true in general. Since the classification of representations of nilpotent Lie algebras is a wild problem, it seems reasonable to expect difficulties in determining µ(g). In this case ones tries to obtain good upper and lower bounds for µ(g). There is the following result, see [2] . Let g be a nilpotent Lie algebra of dimension n and nilpotency class k. Denote by p(j) the number of partitions of j and let , we have
If g is reductive, however, the situation is much better. There are explicit formulas for µ(g), in case g is abelian or g is simple. The aim of this paper is to show the following result:
Theorem 1.4. Let g be a complex reductive Lie algebra and g = s 1 ⊕ · · · ⊕ s ℓ ⊕ C k its decomposition into simple ideals s i and center C k . Then the following formula holds:
Faithful representations
We start with two simple lemmas.
Proof. The composition of the embedding h ֒→ g and a faithful representation g → gl n (C) is a faithful representation of h of degree n. If ϕ and ψ are faithful representations of a respectively b, then ϕ ⊕ ψ is a faithful representation of a ⊕ b.
Lemma 2.2. Let g be a Lie algebra with trivial center. Then µ(g ⊕ C) = µ(g).
Proof. We have µ(g) ≤ µ(g ⊕ C). Conversely, let ρ : g → gl n (C) be a faithful representation of minimal dimension n = µ(g). Suppose that there is an x ∈ g such that ρ(x) = I n is the identity. Then, for all y ∈ g,
Since ρ is faithful, we have x ∈ Z(g) = 0, which is a contradiction. It follows that the identity I n is not in ρ(g), and hence ρ(g) ⊕ C · I n yields a faithful representation of g ⊕ C of dimension n.
Faithful representations of abelian Lie algebras.
If g is abelian then there exists an explicit formula for µ(g), which only depends on the dimension of g. If V is an n-dimensional vector space, then any faithful representation ϕ : g → gl(V ) turns ϕ(g) into an n-dimensional commutative subalgebra of the matrix algebra M d (K). Jacobson [8] proved:
Then dim M ≤ ⌊d 2 /4⌋ + 1 and the bound is attained.
For K = C the result was first proved by I. Schur. The proposition implies the following result, see [1] :
For n = 1 we have µ(g) = 1.
2.2.
Faithful representations of simple Lie algebras. Let g be a finite-dimensional complex simple Lie algebra. Then every non-trivial representation ρ : g → gl n (C) is faithful, since ker(ρ) is an ideal in g. Hence any simple g-module different from the 1-dimensional trivial module C is faithful. Then µ(g) is the dimension of the "smallest" simple module different form the trivial one. Such a minimal simple module is, with few exceptions, the natural or the adjoint module. Their dimensions are well known, see for example [4] : 
is a representation of g, where π i is the projection from g to s i . In the language of g-modules this means: The s 1 -module V 1 is also a g-module via (x, y).v = x.v for x ∈ s 1 , y ∈ s 2 , and the s 2 -module V 2 is also a g-module via (x, y).v = y.v. The tensor product is the g-module
In the language of representations we denote V 1 ⊗ V 2 also simply by
Proof. Obviously ker(ρ 1 ) ⊕ ker(ρ 2 ) ⊆ ker(ρ 1 ⊗ ρ 2 ). Conversely choose an element z = (x, y) ∈ s 1 ⊕ s 2 = g which lies in the kernel of ρ 1 ⊗ ρ 2 , i.e.,
for all v i ∈ V i . Using explicit bases for V 1 , V 2 and V 1 ⊗ V 2 one easily obtains
with a constant α ∈ C. Since s i is a simple Lie algebra for i = 1, 2 and ρ 1 (x), ρ 2 (y) are traceless linear operators, it follows α = 0 and (x, y) ∈ ker(ρ 1 ) ⊕ ker(ρ 2 ).
We can extend the above easily to the case g = s 1 ⊕ · · · ⊕ s ℓ with representations (ρ i , V i ) for i = 1, 2, . . . , ℓ. We have the following result, see [7] : Theorem 2.6. Let g be a semisimple Lie algebra and g = s 1 ⊕ · · · ⊕ s ℓ be a decomposition of g into ideals of g. Then every irreducible representation (ρ, V ) of g is equivalent to the tensor product of ℓ irreducible representations
is an irreducible representation of g. Let g = s 1 ⊕ · · · ⊕ s ℓ be semisimple and ρ be a representation of g. Then, by Weyl's theorem,
with irreducible representations ρ i of g. Each of the ρ i is the tensor product ρ i = ρ i,1 ⊗ · · · ⊗ ρ i,ℓ where ρ i,j is an irreducible representation of s i . This gives
For the dimension of ρ we obtain
Definition 2.7. For a representation ρ of g define the following associated matrix "of dimensions" Proof. As before, write ρ = n i=1 ℓ j=1 ρ i,j . By lemma 2.5 we have
If there is a column consisting only of 1's, say colum j, then s j ⊂ g is contained in ker(ρ), so that ρ is not faithful. Conversely, suppose that there is no column with only 1's. Choose an element z = ⊕ i z i ∈ ker(ρ). Fix a coordinate, say z j . Because there is no 1-column there must be an i such that ρ i,j is faithful. By assumption we have 0 = ρ i (z) = ⊗ j ρ i,j (z j ). Again by lemma 2.5 we have ρ i,j (z j ) = 0, and hence z j = 0. This follows for all j, hence z = 0. Proposition 2.9. Let g = s 1 ⊕ · · · ⊕ s ℓ be a semisimple Lie algebra and s i simple ideals of g.
Proof. Let M be the space of all dimension matrices Φ ρ for faithful representations ρ of a fixed semisimple Lie algebra g. According to (1) and (2) 
By lemma 2.8 no column of a matrix Φ ρ ∈ M contains only 1's. Denote by P the matrix in M, which has diagonal elements d ii = µ(s i ) and all other elements equal to 1. Then
We will show that this is the minimal value of f , i.e., µ(g) = f (P ). Suppose D = (d ij ) ∈ M is a matrix with minimal value f (D). If there is a row, say row i, with more than one element unequal to 1, say d ij and d ik , then construct a new matrix C, by replacing the ith row
Note that the new matrix C really is in M. It has one more row than D and satisfies
. After repeating this finitely many times we arrive at a matrix B ∈ M where every row has at most one element different from 1. In fact, a row (1, . . . , 1) is impossible, because otherwise we remove this row and obtain still a matrix in A ∈ M with f (A) < f (D), which is a contradiction. Thus every row of B has a unique entry different from 1. Similarly it is impossible that a column of B contains more than one of these unique entries. This implies that the number of rows and columns of B coincides. Now f (B) is just the sum of these unique entries. Because the value f (B) is minimal, the unique entries must correspond to the numbers µ(s i ). Hence 
by lemma 2.1, lemma 2.2 and proposition 2.9. If k ≤ ℓ then µ(C k−ℓ ) = 0 and g can be embedded in s 1 ⊕ · · · ⊕ s ℓ ⊕ C ℓ . Then we have, using the above argument for k = ℓ,
Remark 2.11. The statement of theorem 1.4 is that the inequality of the above lemma is in fact an equality.
Definition 2.12. Denote by C ϕ = {A ∈ gl n (C) | [A, ϕ(x)] = 0 ∀ x ∈ g} the centralizer of a Lie algebra representation ϕ : g → gl n (C).
Note that C ϕ is a Lie subalgebra of gl n (C).
Definition 2.13. A pair of two Lie algebra representations ϕ : g 1 → gl n (C) and ψ :
Lemma 2.14. Let g 1 , g 2 be two Lie algebras and suppose that g 1 has trivial center. There is a bijective correspondence between representations as follows:
Conversely a pair of commuting faithful representations ϕ j : g j → gl n (C) induces a faithful representation ϕ :
Proof. It is clear that ϕ 1 , ϕ 2 are faithful representations. We have
This shows (1). For (2), note that ϕ is a representation. Let (x, y) ∈ ker(ϕ). This means ϕ 1 (x) + ϕ 2 (y) = 0, so that
Since ker(ϕ 1 ) = ker(ϕ 2 ) = 0 we have (x, y) = (0, 0), and ϕ is faithful.
Fix a semisimple Lie algebra g = s 1 ⊕ · · · s ℓ of length ℓ, and an integer n ≥ µ(g). We will construct a certain faithful representation ϕ : g → gl n (C) for each n ≥ µ(g). Let σ i : s i → gl µ(s i ) (C) be faithful representations of minimal dimension µ(s i ) for i = 1, . . . ℓ. Denote by ϕ 0 the one-dimensional trivial representation of g, and let mϕ 0 = ϕ 0 ⊕ · · · ⊕ ϕ 0 . Definition 2.15. Let g be as above and m = n − µ(g). Define a representation σ : g → gl n (C) by
Then σ is called the standard block representation of degree n for g.
We are interested in determining the centralizer of a faithful representation of g. We have the following result. Proposition 2.16. Let g be as above and fix an integer n ≥ µ(g). The centralizer of any faithful representation ϕ : g → gl n (C) can be embedded into the centralizer of the standard block representation of degree n for g.
The proof is split up into three lemmas. Let ϕ : g → gl n (C) be a faithful representation. Since centralizers of equivalent representations are isomorphic we may assume, by Weyl's theorem, that ϕ = ⊕ k j=0 m j ϕ j for irreducible, inequivalent representations ϕ j of g, and some m j ∈ N. Again let ϕ 0 denote the 1-dimensional trivial representation. The following lemma is well known, and follows easily from Schur's lemma. Denote by d j the degree of the representation ϕ j . Now associate to ϕ = ⊕ k j=0 m j ϕ j the representationφ
so that ϕ andφ have the same degree, equal to n. This means, that
Note thatφ is again faithful by lemma 2.8. Proof. By permuting the summands in ϕ we may assume that m 1 = . . . = m r = 1 for some 0 ≤ r ≤ k, and m j ≥ 2 for j > r. By lemma 2.17, and using gl 1 (C) ∼ = C, the centralizer C ϕ is isomorphic to gl m 0 (C) ⊕ C r ⊕ ⊕ Proof. Consider the decomposition (3) ofφ. Then ρ = ⊕ k j=1 ϕ j is a faithful representation of g. We claim that we can choose r representations ϕ j , denoted again by ϕ 1 , . . . , ϕ r , such that their direct sum ρ ′ = ⊕ r j=1 ϕ j is still a faithful representation of g, where r is at most ℓ, the length of g. Since ρ is faithful its dimension matrix has no columns consisting only of 1's. Hence for every column j of our ℓ columns we may choose a row i such that the entry (i, j) is different from 1. To every such row i corresponds a representation ϕ i . Then we have chosen ℓ rows, but not necessarily distinct ones. Pick out the ϕ i for the distinct rows. Their direct sum is a faithful representation of g, since its dimension matrix again has no columns consisting only of 1's. Now rewriteφ, using ρ
Now it follows, also using lemma 2.17 that
Now we can prove proposition 2.16: we have C ϕ ֒→ Cφ ֒→ C σ by the two preceding lemmas. 
Proof. Suppose a can be embedded into gl n−µ(g) (C) ⊕ C ℓ ∼ = C σ . Then we have a pair of commuting embeddings σ : g ֒→ gl n (C) and τ : a ֒→ C σ ֒→ gl n (C). Lemma 2.14, (2) gives an embedding g ⊕ a ֒→ gl n (C). The converse direction follows from part (1) of lemma 2.14. Now we turn to the proof of theorem 1.4. Let g = s 1 ⊕ · · · ⊕ s ℓ ⊕ C k be a complex reductive Lie algebra. We write g = s ⊕ a, where s is semisimple and a = C k . Given any embedding g ֒→ gl n (C), the above corollary implies that there is an embedding a ֒→ gl n−µ(g) ⊕ C ℓ . Denote by α(g) the maximal dimension of a commutative subalgebra of g. We have α(a) = k and
since α is additive, see [9] . If a is a subalgebra of b then α(a) ≤ α(b). It follows that
Together with lemma 2.10 the formula of theorem 1.4 follows.
Finally, the following result can be derived from the above corollary in a similar way. 
Remark 2.23. Theorem 1.4 can be used to classify all reductive subalgebras, up to isomorphism, of gl n (C). As an example, for n = 4 we obtain (note that µ(C 5 ) = 4)
2.5. Maximal reductive subalgebras. If we have a faithful representation ϕ : g → gl n (C) then ϕ(g) lies in a maximal reductive subalgebra of gl n (C). There is a complete classification of all maximal reductive Lie subalgebras in semisimple Lie algebras, due to Malcev [9] , Dynkin [5] , [6] and Borel [3] . Hence one might wonder if one can use this classification to give another proof of theorem 1.4. However it turns out that this may be quite complicated in general. In some cases however, we can give a nice, short proof. Consider the following easy example.
Example 2.24. We have µ(A 1 ⊕ C 4 ) = 5.
In fact, it is obvious that g = A 1 ⊕ C 4 has a faithful representation of dimension 5: the direct sum of the natural representations of A 1 ⊕C = gl 2 (C) and C 3 . It remains to show that g cannot be faithfully embedded into gl 4 (C). Suppose it can, i.e., g is a subalgebra of gl 4 (C). Denote by π : gl 4 (C) → gl 4 (C)/Z the natural projection, where Z is the center of gl 4 (C) with dim Z = 1. Then we claim that π(g) is a reductive Lie subalgebra of A 3 , which is either isomorphic to g, or to
is a reductive subalgebra of A 3 , hence lies in a maximal one. But these are exactly the following ones:
Here A 1 ⊕ A 1 is not contained in the last one. Denote by α(g) the maximal dimension of a commutative subalgebra of g. We can compute α(g) for all reductive Lie algebras. For a new proof of this result of Malcev see the nice article of Suter [10] . We have α(A 1 ⊕ C 3 ) = 4 but α(C 2 ) = α(A 2 ⊕ C) = α(A 1 ⊕ A 1 ⊕ C) = 3 and α(A 1 ⊕ A 1 ) = 2. If h 1 ⊂ h 2 for reductive Lie algebras then α(h 1 ) ≤ α(h 2 ). It follows that A 1 ⊕ C 3 and hence also g cannot be a subalgebra of one of the maximal reductive subalgebras of A 3 . This is a contradiction.
In this way one can also prove more generally that
The following example, however, shows that this method of using Dynkin's results will become very complicated in general.
Example 2.25. Show that µ(A 1 ⊕ C 3 ⊕ C 6 ) = 12.
Assume that g = A 1 ⊕ C 3 ⊕ C 6 could be embedded into gl 11 (C) = A 10 ⊕ C. Then we may assume that A 1 ⊕ C 3 ⊕ C 5 is a reductive subalgebra of A 10 . Passing to maximal reductive subalgebras we may assume that A 1 ⊕ C 3 ⊕ C 5 is a reductive subalgebra of one of the following algebras:
The invariant α of these Lie algebras is given by 26, 22, 19, 17, 16, 11 respectively, whereas α(A 1 ⊕ C 3 ⊕ C 5 ) = 12. Unfortunately, the only possibility which can be excluded immediately then is B 5 . Then we have to treat all the other cases, which ramify to even more cases in the next step, repeating this kind of argument. Moreover, the maximal reductive subalgebras of other types, different from A n , play a role.
